We study a stationary and axisymmetric binary system composed of two identical Kerr black holes. We use the formalism of geometrothermodynamics to show that the spatial distance between the black holes must be considered as a thermodynamic variable. We investigate the main thermodynamic properties of the system by using the contact structure of the phase space, which generates the first law of thermodynamics and the equilibrium conditions. The phase transition structure of the system is investigated through the curvature singularities of the equilibrium space.
I. INTRODUCTION
One of the main difficulties for understanding the dynamical scenario of two rotating black holes are the effects produced by multipolar interactions between the sources [1] . This is the reason why these systems are studied by means of stationary axisymmetric spacetimes with Kerr type sources. The first work in this direction was published in 1947 and presents a class of static solutions of the Einstein-Maxwell equations [2, 3] . Later on, these solutions were generalized to include the stationary case [4] (see also Ref. [5] ). However, it was not until 1973 that a metric was found, which describes two identical Kerr-Newman sources in equilibrium under their mutual electromagnetic and gravitational forces, with their spins oppositely oriented along a given axis [6] . In 1998, Varzugin [7] studied a counter-rotating system of two identical black holes with opposite spin and showed that the interaction forces are equal compared with two identical Schwarzschild black holes. In recent years, a 3-parametric physical model was found that describes a two black hole system composed by identical co-rotating Kerr sources separated by a massless strut [1] . The solution is characterized by the physical parameters [8] mass M, electric charge Q, angular momentum J, and the distance between the centers of the black holes R.
On the other hand, the thermodynamic aspects of rotating black hole binary systems have been also studied in [1, 9, 10] , using the Smarr formula [11] and entropy relation proposed by Bekenstein [12] . An alternative approach consists in using the geometric properties of the equilibrium space of the system under consideration. In this connection, there are essentially two methods; the first one, called thermodynamic geometry, consists in introducing into the equilibrium space Hessian metrics, which depend on the choice of thermodynamic potential [13, 14] , and the second one, called geometrothermodynamics (GTD) [15] , uses Legendre invariant metrics instead, i.e., metrics which do not depend on the choice of thermodynamic potential.
In this work, we analyze a binary system which is composed of two identical Kerr black holes. The sources are located along a symmetry axis, which is also the rotational axis of the black holes, and the entire system is assumed to be stationary. The thermodynamic properties of the system are investigated by using entirely the formalism of GTD. First, we consider the contact structure of the phase space which, when projected on the equilibrium space, leads to the first law of thermodynamics and the equilibrium conditions (equations of state). This approach allows us to investigate the behavior of all extensive and intensive variables from the knowledge of the fundamental equation, which turns out to depend on the mass, angular momentum and the distance between the centers of the black holes. This last quantity turns out to be a genuine thermodynamic variable as a result of imposing the consistency of the fundamental equation in the context of GTD. Then, we use the thermodynamic curvature of the equilibrium space to determine the curvature singularities which, according to GTD, represent second order phase transitions. In addition, we show that the curvature singularities can also be interpreted as phase transitions from the point of view of classical thermodynamics. This paper is organized as follows. In section II, we present the main aspects of the black hole binary system and find the conditions for the existence of horizons. In Sec. III, we present the metric of the phase space T , which is invariant with respect to total Legendre transformations and depends on the contact structure of T . Then, in Sec. III A, we use the contact structure of T to study the behavior of the most relevant thermodynamic variables.
Sec. III B is devoted to the study of the metric of the equilibrium space E and the associated curvature singularities which determine the phase transition structure of the binary system. Finally, in Sec. IV, we present the conclusions of our work.
II. THE BINARY SYSTEM
The assumption that a binary system is composed of two stationary rotating objects reduces the complexity of the problem. In addition, one can assume that the system is located along an axis which coincides with the rotational axis of both compact objects.
These assumptions allows us to investigate the corresponding gravitational field by using stationary axisymmetric spacetimes, which are described by the line element
The corresponding vacuum field equations can be written in the Ernst representation as [16] (E +Ē)(E ρρ + ρ
where the bar denotes complex conjugation, the subscripts represent partial derivatives, and
The Ernst equation (2) can be solved by using Sibgatullin's method [17] which generates soliton-like solutions from the values of the Ernst potential on the axis of symmetry, i.e., E(ρ = 0, z) = e(z). For the binary system composed of two identical Kerr black holes, the starting Ernst potential on the axis can be chosen as a particular case of the 2-soliton solution [18] e(z)
where M is the mass, a = J/M is the specific angular momentum,
The constant R has been interpreted as the relative distance between the centers of the black holes and
The Ernst potential for the entire spacetime can be obtained from the Sibgatullin integral
where the unknown function µ(ζ) satisfies the integral equation
with the normalization condition
Here, ξ = z + iρζ, η = z + iρτ with τ ∈ [−1, 1],ẽ(η) =ē(η), and − represents the principal value integral. The computation of the Ernst potential E and the metric functions f , ω and γ is laborious but straightforward. The explicit form of these functions can be written in several equivalent representations [1, 9, 18] . For the purpose of this work, however, the explicit form of the metric is not necessary.
An important property of this binary system is that along the axis of symmetry and between the black holes there exists a singularity, which has been interpreted as corresponding to a massless strut and is responsible for maintaining the black holes apart. This is the reason why the binary system can be described by means of a stationary spacetime.
Another important characteristic of this binary system is that the parameters of each of black hole satisfies the Smarr formula [11]
where κ is the surface gravity of the black hole, S its entropy, and Ω H the angular velocity on the horizon. This is an equation that relates all the physical parameters of the solution and can associated with the thermodynamic properties of each black hole.
The Smarr formula (13) in the case of an isolated black hole is equivalent to the Bekenstein-Hawking entropy [12, 19] that relates the entropy and the area of the horizon, which is the fundamental equation of black hole thermodynamics. It is remarkable that in the case of a binary black hole system, the Smarr formula still holds for each of the constituents. One can, therefore, assume that the Smarr formula represents the fundamental thermodynamic equation in this composite system. It is then possible to calculate all the physical quantities for the binary system presented in the last section and Eq.(13) can be rewritten as
Notice that the entropy is a well-defined real function only if the condition
is satisfied, which is also the condition for the existence of the black hole horizon. For a fixed value of M and J, there is maximum distance R for which the black system exists.
This behavior is illustrated in Fig. 1 .
Since the entropy does not depend on the sign of J, let us consider J > 0 for concreteness.
Then, for J ≤ M 2 , the function σ 2 is always positive definite and the black hole binary system exists for any values of R. In the limiting case J = M 2 , the entropy becomes
For values J > M 2 , the function σ 2 is positive definite only in the interval (cf. Fig. 1 )
and the entropy at the maximum distance reaches the value
For larger values of the distance R, the horizon condition is not satisfied and the black hole binary system cannot exist. Thus, we see that the properties of the binary system depend not only on the relation between the mass and angular momentum of the rotating objects, but also on their relative distance. In the limiting case R → ∞, which physically corresponds to moving one of the black holes to spatial infinity, the entropy (14) coincides with the fundamental equation of the Kerr black hole, if J ≤ M 2 .
III. GEOMETROTHERMODYNAMIC PROPERTIES
In GTD, as in classical thermodynamics, to describe a thermodynamic system, it is necessary to know explicitly the corresponding fundamental equation and its behavior with respect to rescalings of the independent variables. Therefore, we first should establish the thermodynamic character of the parameters entering the fundamental equation. Indeed, it has been argued in [20, 21] that to correctly describe the thermodynamic properties of black holes, it is necessary to impose the condition that the corresponding fundamental equation be a quasi-homogeneous function. In the case of the function S = S(M, J) given in Eq. (14), this means that the rescaling M → λ β M M and J → λ β J J, where λ and the β's are real constants, should satisfy the condition S(λ
It is easy to see that this condition cannot be satisfied for any values of λ, β M , β J , and β S . However, if we consider R also as a thermodynamic variable, which rescales as R → λ β R R, the quasi-homogeneity
are fulfilled.
The above result is important to apply the formalism of GTD in this particular case.
Indeed, since the binary system is described by three extensive variables M, J and R plus the thermodynamic potential S, the corresponding phase space T is 7-dimensional with coordinates {S, M, J, R, I 1 , I 2 , I 3 }, where I a , a = 1, 2, 3 are the intensive variables dual to the extensive variables E a = {M, J, R}, respectively. The phase space is a contact Riemannian manifold (T , Θ, G II ), where Θ = dS − I a dE a is the canonical contact 1-form and the metric G II is invariant with respect to total Legendre transformations and has been especially chosen to agree with the quasi-homogeneity property of black holes [20] . Then, we have
The equilibrium space E with coordinates {E a } is defined by means of the smooth embedding map ϕ : E → T , or in coordinates ϕ :
This condition guarantees that the equilibrium space E is mathematically well defined as a subspace of the phase space T . Moreover, the assumption that the smooth map ϕ exists, implies that the fundamental equation S = S(E a ) must be known explicitly.
A. Equilibrium conditions
The vanishing of the contact 1-form Θ on E is an essential condition for the consistent formulation of GTD. Moreover, it induces the first law of thermodynamics and the equilibrium conditions, which must be satisfied on E and determine explicitly the behavior of all the thermodynamic variables. Indeed, the condition (22) is equivalent to the first law of black hole thermodynamics, i.e.,
In this way, we identify the intensive variables I a which are uniquely defined by the equilib-
in terms of the fundamental equation S = S(M, J, R). Here, we have introduced the "force"
F as the dual to the distance R. These expressions allow us to compute the explicit form of the corresponding intensive variables:
As before, all these quantities are well defined only if σ > 0. In the limit R → ∞, they all reduce to the case of a single Kerr black hole:
The behavior of the temperature in terms of the distance R is shown in Fig. 2 for a fixed value of the mass and different values of the angular momentum. We see that in general the temperature of the binary system is less than the temperature of a single Kerr black hole for a fixed value of J. Consequently, in a binary system, the presence of a black hole affects the properties of its companion by reducing its temperature.
As for the angular velocity, its behavior is illustrated in Fig. 3 . The maximum angular velocity on the horizon for a fixed value of J corresponds to the Kerr limit (R → ∞). As R decreases, the angular velocity decreases as well, reaching the value Ω H = 0 for R = 2M, independently of the value of the angular momentum. From this point backwards the angular velocity changes its sign. This remarkable effect is due to presence of the second black hole at a very short distance.
In Fig. 4 , we present the plot of the effective force F as a function of the distance R.
The behavior is very similar for all the values of the angular momentum and all the curves tend towards zero, which is the limiting value of the Kerr black hole. Moreover, as the distance between the black holes decreases, the force increases exponentially and diverges asymptotically for vanishing distances. 
B. Phase transitions
Phase transitions are usually associated with severe changes inside the thermodynamic system, which imply the breakdown of the equilibrium conditions, i.e., during phase transitions classical equilibrium thermodynamics is not valid anymore. The formalism of GTD incorporates this fact in an analog way and assumes that a phase transition should correspond to a breakdown of the geometric structure of the equilibrium space E, which occurs in particular when curvature singularities are present. Therefore, to investigate the phase transition structure of a thermodynamic system, in GTD we investigate the curvature singularities of the corresponding equilibrium space E. The geometric properties of E are dictated by the corresponding Riemannian metric g, which is induced canonically by the pullback ϕ * (G) = g of the metric G of T . For the particular case of a black hole binary system, the metric of the phase space is given in Eq. (21) and, consequently, for the equilibrium space we obtain where S(M, J, R) is the fundamental equation (14) of the binary system, from which the explicit expressions of the metric components can be written as follows:
The corresponding curvature scalar can be represented as
where
and N(M, J, R) represents the numerator of the scalar. Clearly, the curvature singularities are determined by the zeros of D 2 and D 3 . For a fixed value of the mass black hole, the location of these singularities depend on the values of the angular momentum and the distance. A particular example of this singular behavior is illustrated in Fig. 5 . According to GTD, the black hole binary system undergoes second order phase transitions at those points of the equilibrium space where any of the conditions D 2 = 0 or D 3 = 0 are met. This result is invariant in the sense that it does not depend on the choice of coordinates because it is based on the analysis of a scalar quantity. On the other hand, in classical thermodynamics the phase transition structure of a system is determined by the behavior of the response functions, according to the Ehrenfest scheme, and the stability criteria [22] .
However, it has been determined that sometimes the predictions of the Ehrenfest scheme do not coincide with the observed phase transitions [23] . We believe that the formalism of GTD with its invariant definition of phase transitions could shed some light on this issue.
Nevertheless, in the case of the binary system under consideration in this work, it is possible to find a relation between the GTD and the Ehrenfest formalisms. Indeed, consider the heat
which is evaluated at constant J and constant R. It is then straightforward to compute this response function and it turns out that that C ∼ 1/D 2 , where D 2 is the polynomial defined in Eq.(38). This means that the zeros of D 2 , which are associated with curvature singularities in the equilibrium space, correspond to divergencies of the heat capacity as well. To illustrate the behavior of the heat capacity, we plot a particular case in Fig. 6 . A stability condition which is usually applied in classical thermodynamics relates the derivatives of the fundamental equation and can expressed as [22] 
If S c happens to be negative, the system is unstable. The points where S c = 0 are interpreted as corresponding to changes in the stability properties of the system and are usually accompanied by phase transitions. A straightforward computation of this stability condition for the binary system (14) shows that S c ∼ D 3 . In Fig. 6 , we illustrate the behavior of S −1 c , showing a divergence exactly at the point where the first curvature singularity is located.
We thus conclude that the curvature singularities detected with the GTD formalism in the equilibrium space of a black hole binary system correspond to second order phase transitions, which are accompanied by modifications in the stability properties of the system.
IV. FINAL REMARKS
In this work, we studied a binary system composed of two identical co-rotating Kerr black holes. It is assumed that the system is stationary and possesses a spatial symmetry with respect to an axis, which coincides with the rotational axis of the sources. For a fixed value of the angular momentum, it turns out that the distance between the centers of the sources determines whether the system is composed of two black holes or two naked singularities.
We limit ourselves to the study of black holes. In this case, the Smarr formula represents a relationship between the physical parameters, which determine the gravitational field of the binary system, and can be interpreted as the fundamental thermodynamic equation.
We investigate the thermodynamic properties of the system by using entirely the formalism of GTD. First, we impose the condition that the fundamental equation corresponds to a quasi-homogeneous function of degree different from one. As a consequence, we show that the distance R must be considered as a thermodynamic variable. This is an important result because the presence of R at the thermodynamic level drastically changes the behavior of the binary system. This also increases the dimensionality of the phase space T , which is a contact manifold endowed with a Legendre invariant Riemannian metric. We use the contact structure of T and its projection on the equilibrium space E, to impose the first law and the equilibrium conditions from which all the relevant thermodynamic variables can be obtained. In particular, we study the behavior of the temperature, the angular velocity on the horizon, and the force which is dual to the distance R. The common feature is that the presence of an accompanying black hole reduces the temperature and the angular velocity of the partner and that asymptotically (R → ∞) the system reduces to that of a single Kerr black hole.
To study the phase transition structure of the binary system, we use the fact that, according to GTD, the curvature singularities of the equilibrium space correspond to second order phase transitions. We compute the curvature scalar of the equilibrium space and show that in general there are two singularities. The existence of the corresponding phase transitions is corroborated by using the Ehrenfest scheme and the stability condition of classical thermodynamics. In fact, we show that the first singularity can be interpreted as due to the breakdown of the stability condition and the second one corresponds to a divergence at the level of the heat capacity.
Our results show that the binary system of two identical Kerr black holes can be interpreted as a thermodynamic system in which the distance between the black holes must be considered as a thermodynamic variable that strongly affect the physical properties of the system.
